Abstract

Equilibrium problems are among the most interesting and intensively stu-
died classe=f problems;they include fundamertal mathematical problems
like optimization, variational inequalities, and complemenarity problems.
Many problems of practical interest in optimization, economics,and engi-
neeringinvolve equilibrium in their description. In recert years,thesefacts
motivated seweral researtiers to establish generalresults on the existence
of equilibrium. There is a vast literature of equilibrium problemsand their
treatment in optimization, variational and quasivariational inequalities, and
complemernarity problems.

The edilibrium problems can be formulated as follows. Let V be a
real topological vector spacewith topological dual V ; denote the duality
pairing betweenV and V by h;:i: Let K be a nonempty subsetof V; and
f a real bifunction dened on K  K: Then, the edilibrium problem is
de ned as

nd x2 K sudh that f (x;y) O; foreahhy2 K:

For surveysof conceptsand applications, see[6], [2], [10], [9], [39], [16], [35].

The purposeof the thesis "Ec hilibrium  problems in engineering
and economics" is to study two particular casesof the edilibrium pro-
blem mentioned above. While the rst particular casedealswith a gene-
ralized hemivariational inequality, the secondone treats Nash edilibrium
point.

In Chapter 1 of this thesisnotions and propositions of nonlinear analysis
that are usedin the next chapters are preseried. The chapter closeswith
a section concerningthe formulation of edilibrium problems.

Chapter 2 cortains a new generalizedhemivariational inequality. We
begin with the presenation of the problem and give existenceresults on
Banadh spacesand on re exiv e Banad spaces.The theory of this chapter
is illustrated by meansof applications from mathematics and engineering.



In Chapter 3 an eigervalue problem for the generalizedhemivariational
inequality is treated. Again, the results are given on Banadc spacesand on
re exiv e Banad spaces.The chapter closeswith applications of the theory
to engineering.

In Chapter 4 the theory of Nash edilibrium is developed. Making use
of the hemivariational inequality preseried earlier, we prove the existence
of Nash equilibrium for a certain classof games.

Chapter 5 dealswith numerical methods for computing the Nash equi-
librium. The new methods deweloped here are based on the concept of
descen direction. A numerical exampleis provided at the end.



Chapter 1

Some theoretical
considerations

The objectives of this rst chapter are to preseri sometopics which are
directly applicable to our study.

1.1 Banach spaces

This section is dewoted to the presenation of some concepts concerning
Banadch spaces. The notions of Banad space, bidual, re exive Banac
space,norm topology, weak topology, weak* topology, LP() ;H3() are
recalled.

1.2 Continuity and dieren tiabilit y

In this sectionwe include someconceptsand properties of usual functions,
like lower/upp er semicortin uity, corvexity, di eren tiabilit y, subdi eren tia-
bility, cortinuity, etc. Among the referencescited we can mertion the
following: [54), [38], [7], [29], [56], [40].



1.3 Set-valued mappings

The third section contains some important de nitions and propositions
about multifunctions. All of them will be employed in the study of hemi-
variational inequalities. See[4], [5], [15], [28] for details on this material.

1.4 Nonsmo oth analysis

The notion of generalizedgradiernt for locally Lipschitz functions was in-
troduced and deweloped by F. H. Clarke (see[20], [19], [21], [22]). Few
properties are recalled here for the purposeof this work.

1.5 Dualit y mapping

We considercertain properties of duality mapping and semi-inner products
(:;:) ; which will beinvolved in the study of eigervalue problem for hemi-
variational inequalities. For comprehensie material we refer to [27], [44],

[55].

1.6 Echilibrium problems

The aim of this sectionis to presert an overview on edilibrium problems
and on its particular cases.One of our purposesis to reveal the connection
betweenthis theory and the presen thesis. For more details about edili-
brium problemsand its applications, one may seel[6], [2], [10Q], [9], [39], [16],

[35].



Chapter 2

Hemiv ariational inequalities

2.1 Echilibrium in engineering and solution of a
hemiv ariational inequalit y

The edilibrium problemsfrom engineeringgive rise to the following impor-
tant inequalities: variational inequalities, which, with a researd "life" of
somethirt y yearsnow, is mainly concernedwith convex energy functions,
and hemivariational inequalities, which is more recert and is concerned
with noncorvex energy functions.

The mathematical theory of hemivariational inequalities and their ap-
plications in medanics, engineering or economics, were introduced and
deweloped by P.D. Panagiotopoulos ([46], [47], [48], [49], [50], [51]). This
theory hasbeendewelopedin orderto Il the gap existing in the variational
formulations of boundary value problems (B.V.P.s) when nonsmaoth and
generallynoncorvex energyfunctions areinvolved in the formulations of the
problem. In fact, this theory of hemivariational inequalities may be con-
sidered as an extension of the theory of variational inequalities ([30], [32],
[42], [37]). For acomprehensie treatment of the hemivariational inequality
problems we refer to the monographs([47], [51], [49], [44]).

The purp oseof the presert work is to extend theseresults in the frame-
work of hemivariational inequalities governed by two variable operators.



2.2 A generalized hemiv ariational inequalit y

Let V be a real Banach spaceendonved with the norm topology, and let
V beits dual endoved with the weak*-topology. Throughout the presen
thesis the duality pairing betweena Banacd spaceand its dual is denoted
by < :;:>. We assumethat the following statemerts are valid:

(H1) C V isanonempty corvex subsetof V;

(H2) T:V! LP :<k jsalinear and cortinuous operator, where
1 p<1l;k 1land <" is a boundedopen setin n-dimensional
Euclidean space;

(H3) A:C C V isasetvalued mapping;

H4) j =jy): <kK'1 < is a Caratheodory function, which is
locally Lipschitz with respect to the secondvariable and satis es the
following condition

Oh; 2 Lpi( :<):9hp,2 LY ( :<) such that
izj hi(x) + ho(X)jyjiP * ae.x2 ;8y2<K;822 @ (xy)

i (yP+th) j(xy9
t

where,j%(x;y) (h) = lim sup
yoy
t o*
is the Clarke derivative of the locally Lipschitz mappingj (x;:); X 2
xed, at the point y 2 <X with respect to the direction h 2 <X;
n 0
and, @ (x;y) = z2<K:hg;hi  j%(x;y)(h);8h2 <X

is the Clarke generalizedgradient of the mappingj (x;:) at the point
y 2 <k

Using the above notation, the problem (A.-M. Croicu) to be solved
becomes:
Find u 2 C sud that



z

sup H;v ui+  jO0¢Tu(x)(Tv(x) Tu(x))dx 0;8v2C: (P)
f2A(uu)

Remark 2.2.1 A very important case is when the Banach smce V is
H3() and the operator A (u;v) is a nonlinear elliptic dier ential ope-
rator. Genenlly, this kind of operator A (:;:) is monotoneonly with respect
to v; i.e. with respect to the higher order term (usually, the gradient), where
u is xed. In other words, thesetwo variablesu and v do not play the same
role with respect to the operator A properties. Seeking the solution along
the 'diagonal' (u;u) is motivated by the fact that the modelled phenomena
depend on the unknown function u; as well as on the gradient of unknown
function u:

2.3 The generalized hemiv ariational inequalit y on
Banach spaces

2.3.1 Existence results

De nition  2.3.1 We saythat the set-valual mappingA (;;v) :C V ;v2
C xed, has the monotone property (M) if it veries the relation

sup H;u i sup hg;u vi;8u2C: (M)
f2A(uyv) g2A(v;v)

Theorem 2.3.2 (A.-M. Croicu, [26]): LetV be a real Banach smce
endowa with the norm topology and let V be its dual endowe with the
weak*-topology. Assume that all the hypotheses(H1)-(H4) are satis ed.
Moreover, the following assumptionshold:

(i) for eachv 2 C; the set-valuel mapping A (:;v) : C V hasthe
monotone property (M) and it is weakly*-upper semiontinuous from the
line sgmentsof C in V ;

(i) for eachu 2 C; the set-valuel mappingA (u;:) : C Vs waakly*-
upper semimntinuous;



(iii) there existsa compact subsetK  C; and an elementug 2 C such
that the coercivity condition
Z

sup H;up ui+ jO0Tu(x)) (Tug(x) Tu(x)dx< 0;8u2C K
f2A(uu)

holds;

(iv) for eachu;v 2 C; the set A (u; V) is weakly*-compact.

Then the problem (P) admits a solution u 2 C:

If in addition A (u;u) is a convex set, then u is also a solution of the
following problem:

Find u2 C;f 2 A(u;u) suchthat
z
v oui+  jJO0¢Tu)(Tv(x) Tu(x))dx 0;8v2V: (Pc)

Theorem 2.3.3 (A.-M. Croicu, [26]): LetV be a real Banach spce
endowe with the norm topology and let V be its dual endowel with the
weak*-topology. Assumethat C V is closal and all the hypotheses(H1)-
(H4) are satis ed. Moreover, the following conditions hold:

(i) for eachv 2 C; the set-valuel mapping A (:;v) : C V hasthe
monotone property (M) and it is weakly*-upper semiontinuous from the
line sgmentsof C in V ;

(i) wheneverD is a convexsubsetof C and (v;);,, is anetin C con-
verging to the elementv 2 D; then

z

sup hgiz vii+ jO(TVvi (X)) (Tz(x) Tvi(x))dx 0;8z2D
92A(z;vi)

implies
z

sup hg;z vi+  jO(x;Tv(x))(Tz(x) Tv(x))dx 0;8z2D;
g2A(z;v)



(iii) there existsa compact subsetK  C; and an elementug 2 C such
that the coercivity condition
Z

sup H;up ui+ jO0Tu(x)) (Tug(x) Tu(x)dx< 0;8u2C K
f2A(uu)

holds;

(iv) for eachu 2 C; the set A (u; u) is weakly*-compact;

(v) for each nite dimensional subsmce Y of V; the set-valuel map-
pingA:C C V is weakly*-upper semiontinuous on the diagonal of
(CVY) (C\Y):

Then the problem (P) admits a solution u 2 C:

If in addition A (u;u) is a convex set, then u is also solution of the
problem (Pc).

Remark 2.3.4 The coercivity condition (iii) which appears in the Theo-
rems 2.3.2 or 2.3.3 tells us that we haveto look for solutions of hemivari-
ational inequality (P) in the compact setK:

2.3.2 Applications

This section is dedicated to applications of Theorems 2.3.2 and 2.3.3 in
mathematics and engineering. First, there are provided alternativ e results
to those preserted in [52], [16]. Second,an application to engineeringis
studied.

Example 2.3.5 (A.-M. Croicu, [26]): Let us analyzea very geneal
situation which leads us to the hemivariational inequality problem (P). For
instance, let us consider an open, bounded, connected subset <3 re-
ferred to a xed Cartesian coordinate system Ox1X»x3 and we formulate
the problem: nd the function u that satis es

u+ h(u)=gin (2.1)

u=0on : (2.2)



Here is the boundary of and we assumethat is su ciently smaoth
(CY1-poundary is sucient) and h is a continuous function. Moreover,
u may represent the temperature in the case of heat conduction problems,
whereas in problemsof hydraulics and electrostatics the pressue and the
electric potential are represental, resgctively. See for instance [31] for a
comprehensivematerial alout mathematical modelling.

We seek a function u suchthat to verify (2.1), (2.2) with

g2 @ (x;u) (2.3)

where the function g is known, j : < | < satises the assumption
(H4), and @ (x; y) denotesthe Clarke generlized gradient of the mapping
j(x;)) atthepoint y2 <;x2  xed.

Let us consider the Solevspace V = H3 () . We may askin addition
that u is constrained to belongto a compact convexsetC V dueto some
technical reasons, e.g., constraints for the temperature or the pressue of
the uid, etc. Let us note that there exist a linear monotone continuous
operator B:C! V anda contiznuous operator D : C! V suchthat

B (u);vi = r ur vdx; 8u;v 2 V;
z
D (u);vi = uvdx; 8u;v 2 V:

Thus, if we consider the following multivalued mapping

A . C C V
A(u;v) = B(u)+ D (h(v))
then we are lead to the following problem: nd u 2 C suchthat for any
v2C Z
sup H;v ui+ jo0cu)(v u)dx O (Peng)

f2A(uu)
Since the multivalued operator A satis es the assumptions (i), (i), (iii),
(iv) of the Theorem 2.3.2 and the emiedding of V in L?() s linear and
continuous, we can prove the existen® of solutions of (Peng) by simply
applying this theorem.



2.4 The generalized hemiv ariational inequalit y on
re exiv e Banach spaces

2.4.1 Existence results

Theorem 2.4.1 (A.-M. Croicu, [24]): LetV beareal re exive Banach
space endowel with the norm topology and let V  be its dual endowel with
the weak*-topology.

Assume that the hypotheses(H2)-(H4) are satised and C V is a
nonempty bounded closal convex subsetof V: Moreover, the following as-
sumptions hold:

(i) for eachv 2 C; the set-valual mappingA (;;v) : C V is weakly-
upper semimntinuous from the line of C into V ; concave and monotone;

(i) for eachu 2 C; the set-valua mappingA (u;:) : C V is weakly-
upper semimntinuous;

(iii) for eachu;v 2 C; the set A (u; V) is weakly-compact.

Then the problem (P) admits a solution.

If in addition A(u;u) is a convex set, then u is also solution of the
following problem:

Find u2 C;f 2 A(u;u) suchthat
z
v oui+  jJO0¢Tu) (Tv(x) Tu(x))dx 0;8v2 V: (Pc)

In the Theorem 2.4.1, the subset C was bounded. In order to prove
a similar result when C is an unbounded set, we refer to the so-called
‘recessionanalysis’ (see[1]).

Let us considera nonempty closedconvex subsetC of a real re exive
Banad spaceV:

A vector y is called a recession direction in C corresp onding to
the vector x if

8t>0x+ty2C:



Recessiondirections are independert of x and they determine a closed
convex conecalled the recession cone of C:

C ug
t

Ci =\pso , Whereug 2 C is an arbitrarly chosenelemer.

We de ne the set R(A; j; C) of asymptotic directions by

8

< w2 C]_ S.t. 9(un) C,tn = kunkl 1 TWp = ﬁ:k * W;
R(A}; C) =, R
iNft 2 A(upsun) HF5 Uni JO0G Tun (X)) ( Tup (x))dx O

Theorem 2.4.2 (A.-M. Croicu, [24]): LetV beareal re exive Banach
space endowel with the norm topology and let V  be its dual endowel with
the weak*-topology.

Assumethat all the hypotheses(H2)-(H4) are satisedandC V is a
nonempty unbounded closeal convexsubsetof V suchthat 02 C: Moreover,

(i) for eachv 2 C; the set-valual mappingA(;;v) : C V is weakly-
upper semimntinuous from the line segments of C into V ; concave and
monotone;

(i) for eachu 2 C; the set-valual mapping A (u;:) :C V is weakly-
upper semimntinuous;

(i) R(AJ;C)=1;

(iv) for eachu;v 2 C; the set A (u; V) is weakly-compact:

Then the problem (P) admits a solution.

If in addition the set A(u;u) is convex, then the problem (Pc) admits
solution also.

2.4.2 Applications

The theorems2.4.1and 2.4.2 are consideredin the framework of [52], [17],
and similar results are deduced. Moreover, Brouwer's xed theorem is
proved by the meansof theorem 2.4.1. Finally, the sameexample2.3.5is
analyzed on the re exiv e Banad spaceH§ ().

10
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Chapter 3

Eigenvalue problems

3.1 Formulation of the problem

The study of eigervalue problems for hemivariational inequalities has a
deep practical motivation. For instance, the loading-unloading problems
and thus also the hysteresis problems are typical examples for the the-
ory of hemivariational inequalities and can be reducedto the study of the
eigervalue problem. Indeed, D. Motreanu and P. D. Panagiotopoulos ([51],
[43]) proved that the global behavior of a loading-unloading problem of a
deformable body is governed by a sequenceof hemivariational inequality
expressionsonefor ead branch. They proved that the changing of branch
leadsto an eigervalue problem. The stability of a Von Karman plate in
adhesiwe contact with a rigid support or of Von Karman plates adhesiely
connectedin sandwidch form is another motivation for the study of eigen-
value problems for hemivariational inequalities ([33], [34]). Recen papers
deal with eigervalue hemivariational inequalities on a sphere-like type ma-
nifold ([11], [12])), with nhonsymmetric perturb ed eigervalue hemivariational
inequalities ([18], [53]), which imply useful applications in adhesiwely con-
nected plates, etc.
Our goalis to study the following eigervalue problem (A.-M. Croicu,

11



[25]):
ZFind u2V; 2<nf0g suc that

sup H:v ui+ O Tu(X)(Tv(x) Tu(x))dx (v uu),;8v2V
f2A(uu)
(EP)
where, (:;:), is the semi-inner product on Banad spaceV:

3.2 Existence results for the eigenvalue problem

Let V be areal Banac spaceendoved with the norm topology and let V
be its dual endoved with the weak*-topology.

Theorem 3.2.1 (A.-M. Croicu, [25]): Assumethat all the hypotheses
(H2)-(H4) are satis ed. Moreover, the following assumptionshold:

(i) for eachv 2 V; the set-valual mapping A(:;v) : V V hasthe
monotone property (M) and it is weakly*-upper semiontinuous from the
line sgmentsof V in V ;

(i) for eachu 2 V; the set-valual mappingA (u;:) : V.V is weakly*-
upper semimntinuous;

(iii) there existsa compact subsetK  V, and an elementug 2 V such
that

kugk kuk, 8u2 VnK;

sup H;up ui+ jO0TuX)(Tup(x) Tu(x)dx< 0;8u2V K;
f2A(uu)

(iv) for eachu;v 2 V; the set A (u; V) is weakly*-compact.
Then for every < 0; the problem (EP) admits a solution u 2 V.
If in addition A (u; u) is a convexset, then the following problem(EPc):

Findu2V; 2<nf0g;f 2 A(u;u) suchthat
4

v oui+  jJO0¢Tu) (Tv(x) Tu(x))dx (v uu),;8v2V

(EPc)
admits a solution u 2 V;f 2 A (u;u) for every < O:

12



Theorem 3.2.2 (A.-M. Croicu, [25]): Assumethat all the hypotheses
(H2)-(H4) are satis ed, and V is a real re exive Banach space. Moreover,

(i) for eachv 2 V; the set-valuel mapping A (:;;v) : V.V is weakly-
upper semiontinuous from the line segmentsof V into V , concave and
monotone;

(i) for eachu 2 V; the set-valugl mappingA (u;:) :V  V is weakly-
upper semimntinuous;

(i) R(AT; V) =13,

(iv) for eachu;v 2 V , the set A (u; V) is weakly-compact:

Then the problem (EP) admits a solution.

If in addition the set A(u,u) is convex, then the problem (EPc) admits
solution also.

Remark 3.2.3 Under the assumptions of the Theorems 3.2.1, 3.2.2 not
only the eigenvalueproblem (EP) but also the hemivariational inequality
(P) admits solution.

3.3 Applications

Example 3.3.1 (A.-M. Croicu, [25]): Our resultscan be applied di-
rectly to the study of B. V. P.s in Engineering. Let us analyze a very
geneal situation which leads us to the hemivariational inequality problem
(EP). For instance, let us consider an open, boundel, connected subset

<3 referred to a xed Cartesian coordinate system Ox1x»X3 and we
formulate the problem: nd the function u that satis es

u+ h(u)+cu=gin (3.1)

u=0on : (3.2)

Here is the boundary of and we assumethat is su ciently smaoth
(CY1l-boundary is su cient), cis a given constant, and h is a continuous
function, which hasthe property

u(x)h(u(x)) 0;8x2 (3.3)
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In order to physially motivate problem (3.1),(3.2) in a simple way, we
interpret u as the temperature of a medium in a region : The di er ential
equation in (3.1) descrites a stationary temperature state with the heat
source f  h(u) cu that depends on temperature (see [58]). We seek a
function u suchthat to verify (3.1), (3.2) with

g2 @ (x;u) (3.4)

where j (x;:) is a locally Lipschitz function. Let us consider the Solwlev
spaee V = H3 () , which can be viewed as a Hilbert space endowe with the
inner-product 7

(u;v) = uvdx; 8u;v 2 V:

If we consider some further assumptions, the linear monotone conti-

nuousoperator B : V! V |
Z

B (u);vi = r ur vdx; 8u;v 2 V;
the duality isomorphism=:V! V ;
h=u;vi = (u;v); 8u;v2V,
and the following multivalued mapping

AV V V
A(uv) = B(u)+=(h(v);

we are led to the following problem

nd u2 V suchthat for anyv 2V
Z

sup H;v ui+ joCcu)(v u)dx ( o (v u;u), : (EPeng)
f2A(u;u)

Since all the assumptions of the Theorem 3.2.2 are ensurd and the
emieddingV  L2() s linear and continuous, we can prove the existen@
of solutions of (EPeng) for all ¢> 0.

14



Chapter 4

Nash equilibrium

4.1 Echilibrium in economics and Nash equilib-
rium

Traditional gametheory takesasits basic distinction that between coope-
rative gamesand noncooperative games. In cooperative games,the players
are assumedto be freeto communicate in any way they choosebeforeand
during the game. More importantly, they are also assumedto be able to
bind themselwesto any agreemets that may be reaced during suc bull
sessions.A noncooperative game ought properly to be de ned as a game
that is not cooperative. More often, the terminology is usedto signify a
gamein which agreemets are never binding on the players.

The notion of Nash equilibrium of an n-person noncooperative game
has an important signi cance in gametheory and economicapplications.

4.2 Nash equilibrium

Let usconsiderX;Y two Hausdor topological vector spacesaswell asthe
subsetsK; X; K, Y

Consider a non-cooperative game of two players: the rst players task
is to choosea strategy x from K 1; and the secondplayerstask is to choose

15



a strategy y from K,: The traditional model for the gametheory classi es
the strategiesof eat player using a lossfunction (payo function). Denote
by f :K1 Kjy! < the lossfunction assaiated with the rst player and
by g: K1 Kj! < thelossfunction assaiated with the secondplayer. It
is obvious that ead player makes decisionsin order to minimize his loss.
For this reason,we are led to the following de nition:

De nition 4.2.1 The point (a;b) 2 K; K> is called a Nash equilib-
rium point for the gameif:

f(a;b f(x;b ,82Kq .
g(ab) g(ay) ,8y2Ky "~
Theseinequalities assertthat the strategies(a; b) are optimal responses
of eadth player, if the strategy of the partner is unchanged([3]).
In [36] there are preseried other conceptswhich are closerelated to
the Nash equilibrium points. They are weak and strong Nash stationary

points. Thesenotions will be very usefulin the next chapter, when nume-
rical methods for nding Nash equilibrium are considered.

4.3 Existence result

This section provides an existenceresult for Nash equilibrium, derived from
the aforemerioned theorem 2.3.2.

Theorem 4.3.1 (A.-M. Croicu): ConsiderK; <";K, <"2 nonempty
compact convexsubsetsf;g:K; K, ! < continuous functions s.t.

for everyy 2 K, xed, the mappingx 2 K1 7! f (X;y) is strictly convex
for everyx 2 K, xed, the mappingy 2 K, 7! g(x;y) is strictly convex

Then at least one Nash equilibrium exists.

16



Chapter 5

The computation of Nash
equilibrium

5.1 Some numerical algorithms

Practical algorithms for nding Nashequilibrium have beenelaborated only
recertly. These numerical algorithms seemto be important in real-word
applications, wherethe playersdo not know ead other's objective functions
and other relevant information ([13]). The players only have their own
tentativ e decisionsto communicate to ead other during ead phaseof the
computation, as seenin [8] and [14].

This section is dewoted to the presenation of somenumerical methods
found in literature. We emphasizeon "parallel decision making" ([41]),
"inaccurate seart algorithm™ ([41]), "parallel gradient desceti® ([13]) and
on "relaxation algorithm" ([8], [57]).

5.2 A gradient-t ype and relaxation-t ype metho d

In this section, we considera classof gamesand we investigate two nume-
rical methods for computing the Nash equilibrium. The numerical methods
preseried here start from the ideas of Nash stationary points ([36]) and
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computation of Nash equilibria via parallel gradient descen ([13]).

5.2.1 Directions of descent

The following proposition will be employed in the numerical methods pre-
serted in this thesis.

Prop osition 5.2.1 (A.-M. Croicu, [23]): LetC; <™;C, <" be
nonempty compact subsetsletf;g: C; Cy! < bedier entiablefunctions,
let x 2 intC 1, y2intC,, u2 <", v2 <" e arbitrary elements. If

@

v; @ (xy) <0 (5.1)

u;%(X;y) <0 and

then there existsa > 0; b> 0 suchthat

X+tw2Cy, f(x+tuy)<f(xy), 82(0a] .
y+tv2Co,g(xy+tv) <g(xy) ,8t2 (00 -

Example 522 If & (x;y)6 0and & (x;y) 6 Othenu= & (x;y) and
V= % (x;y) are gaod candidates as des@nt directions satisfying (5.1).

Example 5.2.3 If there existsi 2 f1;2;:::;n1g such that %(x; y) 6 0
andj 2 f1;2;:::;n,g9 suchthat @Qj (x;y) 6 Othenu = sgn% (x;y) € and
V= sgn@% (x;y) € are gaod candidates as desent directions, as well.

Recall that €X is the vector with all components equal to zem, exaept the
component on the position 'k’, which is one.

We considerthe following problem (PEN): Find the Nashequilibrium
for the two-person noncooperative game characterized by the following:

K1 <;K2 < are nonempty compact convex subsets

Ki=[m1;Mq] , Ko = [m2;M2]

18



f;g: Ky Ky ! < are continuous dier entiable functions ,with f 2
Li1(K:1 K2);92L2(K1 Ky) (see[36] for notation) and

8y 2 K, xed, the aplication x 2 D1 7! f (x;y) is strictly convex .
8x 2 K1 xed, the aplication y2 D, 7! g(X;y)is strictly convex

According to the Theorem 4.3.1, the problem (PEN) admits a Nash
equilibrium point at least. Our goal is to elaborate numerical algorithms
which suppliesthese points. Taking into account the Examples 5.2.2 and
5.2.3,we canelaborate two numerical algorithms, which generatea sequence
(xp;yp)p2N corverging to a Nash equilibrium point.

5.2.2 A gradien t-t yp e algorithm
THE GRADIENT TYPE ALGORITHM (A.-M. Croicu, [23]):

1. Choose x%;yt 2 (int [m1;M4]) (int [m2;M>]) , put p= 1;
@ (yp- @ (P D -
2. C%mpute o (X yP) and @] (xP;yP): i
I & (xP;yP) = 0and & (xP;yP) = 0 put x= xP; y9= yP;8q> p
and stop the algorithm;
3. If %(xp;yp) 6 0then
setag:= 1 5 supf > 0:xP %(xp;yp)z [mi;M4]:
812 (0; T xP AL (xPyP)iyP < f (xP;yP)g
elseseta, == 1;
4. If %(xp;yp) 6 0then
sethy:= 1 5 supf > 0:yP %(xp;yp)z [Mo; M>];
8"2(0; g xPyP " (xPyP) < g(xPyP)g
elseset b, == 1;

XP+1 = xP g Q(Xp-yp)
5. Let f P ’ :
yPrt = yP bpg(xp;yp)

6. Increasep:=p+1 and go to the second step.
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Consider now (xp;yp)p2N the sequenceobtained by the gradient type
algorithm. Becausethe sc—zquence(x'“;y'“)|02N is bounded, Cesaro'sLemma
implies that there exists a subsequencedenotedthe same,corverging to a
certain point (a;b) 2 K1 K».

Theorem 5.2.4 The limit point (a;b) 2 K1 Ky; obtainad by the gradient-
type algorithm, is a Nash equilibrium point of the problem (PEN).

5.2.3 A relaxation-t ype algorithm
THE RELAXA TION TYPE ALGORITHM (A.-M. Croicu, [23]):

1. Choose x%;yt 2 (int [m1;M4]) (int [m2;M>]) , put p= 1;
2. C%mpute %(xp;yp) and %(xp;yp): i
It & (xP;yP) = 0and & (xP;yP) = 0 put x%= xP; y9= yP;8q> p
and stop the algorithm;
3. If %(xp;yp) 6 0then
setap:= 1 5 supf > 0:xP u 2[my;My];
872 (0; I;f (xP My yP) < f (xPiyP)g
wher, u = sgnZ (xP;yP)
elsesetay == 1;
4. If %(xp;yp) 6 0then
sethy:= 1 4 supf >0:yP  v2[myMyl;
8"2(0; g xPyP v < g(xPyP)g
whee, v = sgn% (xP; yP)
elseset b, == 1;
xP*HL = xP a,sgn (xP;yP) |
yPrt = yP bpsgn§ (xPiyP)
6. Increasep:=p+1 and go to the second step.

5. Letf

Using the same argumert as in the gradien-type method, we note
that there exists a subsequencgeneratedby the relaxation-type algorithm,
which is convergert to a certain point (a;b) 2 K; K, .
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Theorem 5.2.5 Thelimit point (a;b) 2 K1 K; obtainad by the relaxation-

type algorithm, is a Nash equilibrium point of the problem (PEN).

5.3 Numerical example

Let us considerthe following 2-player noncooperative game example.
f:[0:2] [1;3]! <;f(xy)=2x> 2xy+ 5y> 6x 6y

g:[0;2] [1;3]! <;g(xy)=x2+xy+y> 3x 6y:

The Nash equilibrium point is computed exactly to be N (2;2). Next,
the Nash equilibria is computed numerically. The results of the computa-
tional processare given below.

Figure 5.1: Parallel decision making

Figure 5.2: Relaxation algorithm
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Figure 5.3: Gradien t-t yp e algorithm

Figure 5.4: Relaxation-t yp e algorithm

We have developed two newnumerical methods for computation of Nash
equilibria. As the numerical example shows, the results are quite satisfac-
tory. Plus, we can underline someremarks. First, the gradien-type and
relaxation-type algorithms do not require much information, only the ex-
pressionsof the functions and their gradients. Second,becausethe stepsize
searth may be simplied, aswe did in our example, the implementation
of these numerical methods is quite easy We may conclude that the two
numerical methods preserted here can be successfullyapplied to all nonco-
operative games.

22



Selected Bibliograph vy

[1] S. Adly, D. Goelewen, and M. Thera. Recessionmethods in mono-
tone variational hemivariational inequalities. Topological Methads in
Nonlinear Analysis, 5:397{409,1995.

[2] J. P. Aubin. L'A nalyseNon Lineaire et SesMotivations Economiques
Masson, Paris, France, 1984.

[3] J. P. Aubin. Optima and Equilibria. An Intr oduction to Nonlinear
Analysis. Springer-Verlag, 1993.

[4] J. P. Aubin and I. Ekeland. Applied Nonlinear Analysis. John Wiley
and Sons,1984.

[5] J. P. Aubin and H. Frankowska. Set-Valued Analysis. Birkhauser,
Boston-Basel-Berlin, 1990.

[6] C. Baiocchi and A. Capelo. Variational and Quasivariational Inequa-
lities: Applications to Free Boundary Problems John Willey and Sons,
New York, NY, 1984.

[7] V. Barbu and T. Precuparu. Convexity and Optimization in Banach
Smees Acad. R.S.R., Bucuresti, 1978.

[8] T. Basar. Relaxation techniques and asyndironous algorithms for on-
line computation of noncooperative equilibria. Journal of Economic
Dynamics and Control, 11:513{549,1987.

23



[9] M. Bianchi and S. Schaible. Generalized monotone bifunctions and
edilibrium problems. Journal of Optimization Theory and Applica-
tions, 90:31{43, 1996.

[10] E. Blum and W. Oettli. From optimization and variational inequalities
to edilibrium problems. Mathematics Student 63:123{145,1994.

[11] M. F. Bocea,D. Motreanu, and P. D. Panagiotopoulos. Multiple solu-
tions for a double eigervalue hemivariational inequality on a sphere-like
type manifold. Nonlinear Analysis: TMA , 42:737{749,2000.

[12] M. F. Bocea,P. D. Panagiotopoulos, and V. D. Radulescu. A pertur-
bation result for a double eigervalue hemivariational inequality with
constraints and applications. Journal of Global Optimization, 14:137{
156, 1999.

[13] H. I. Bozma. Computation of Nash equilibria: Admissibility of parallel
gradien descen Journal of Optimization Theory and Applications,
90(1):45{61, 1996.

[14] H. I. Bozmaand J. S. Duncan. A game-theoreticapproac to integra-
tion of modules. IEEE Transactionson Pattern Analysis and Machine
Intelligence, 16:1074{1086,1994.

[15] H. Brezis, L. Nirenberg, and G. Stampacdia. A remark on Ky Fan's
minimax principle. Bollettino U.M.I. , 6:293{300,1972.

[16] O. Chadli, Z. Chbani, and H. Riahi. Equilibrium problems with ge-
neralized monotone bifunctions and applications to variational inequa-
lities. Journal of Optimization Theory and Applications, 105(2):299{
323, 2000.

[17] Y.-Q. Chen. On the semi-monotoneoperator theory and applications.
Journal of Mathematical Analysis ans Applications, 231:177{192,1999.

[18] F. S. Cirstea and V. D. Radulescu. Multiplicit y of solutions for a class
of nonsymmetric eigervalue hemivariational inequalities. Journal of
Glohal Optimization, 17:43{54, 2000.

24



[19] F. H. Clarke. Generalizedgradients and applications. Trans. A.M.S.,
205:247{262,1975.

[20] F. H. Clarke. A new approad to Lagrange multipliers. Math. Oper.
Res, 1:165{174,1976.

[21] F. H. Clarke. Generalized gradients of Lipschitz functionals. Adv.
Math., 40:52{67,1981.

[22] F. H. Clarke. Optimization and Nonsmath Analysis. John Wiley and
Sons,New-York, 1983.

[23] A.-M. Croicu. Computation of Nash equilibria: a gradiert-type and
relaxation-type method. Automat. Comput. Appl. Math., 8(1-2):44{60,
1999.

[24] A.-M. Croicu. On a generalizedhemivariational inequality on re exiv e
Banadh spaces. Submitted for publication to Libertas Mathematica,
2001.

[25] A.-M. Croicu. On the eigervalue problem for a generalizedhemivari-
ational inequality. Submitted for publication to Studia Universitatis
"Babes-Bolyai", 2001.

[26] A.-M. Croicu and I. Kolumban. On a generalizedhemivariational
inequality on Banadh spaces.Manuscript, 2001.

[27] K. Deimling. Nonlinear Functional Analysis. Springer-Verlag, 1985.

[28] K. Fan. Generalization of Tychono 's xed point theorem. Mathema-
tische Annalen, 142:305{310,1961.

[29] K. Fan. A minimax inequality and applications. Inequalities Ill (O.
Shisha, ed.) Academic Press, New York and London, pages103{113,
1972.

[30] G. Fichera. Problemi elastostatici con vincoli unilaterali: il problema
di Signorini con ambigue conditioni al contorno. Mem. Accad. Naz.
Lincei, 7:91{140, 1964.

25



[31] A. Fowler. Mathematical Modelsin the Applied Scienes Cambridge
University Press,1997.

[32] G. J. Hartman and G. Stampacdia. On somenonlinear elliptic
di erential equations. Acta Math., 115:271{310,1966.

[33] H. N. Karamanlis. Buckling Problemsin Composite Von Karman
Plates. PhD thesis, Aristotle University, Thessaloniki, 1991.

[34] H. N. Karamanlis and P. D. Panagiotopoulos. The eigervalue problem
in hemivariational inequalities and its applications to composite plates.
Journal of the Mech. Behaviour of Materials, 15:67{76,1992.

[35] G. Kassg. The Equilibrium Problemand Related Topics. Manuscript,
2001.

[36] G. Kassay, J. Kolumban, and Z. Pales. On Nash stationary points.
Publ. Math. Debrecen, 54(3-4):267{279,1999.

[37] D. Kinderlehrer and G. Stampacdia. An Intr oduction to Variational
Inequalities. Academic PressNew York, 1980.

[38] J. Kolumban. Convex Analysis. Univ. Babes-Bolyai, Cluj-Napoca,
1997.

[39] I. V. Konnov and S. Schaible. Duality for equilibrium problems under
generalizedmonotonicity. Journal of Optimization Theory and Appli-
cations, 104(2):395{408,2000.

[40] A. G. Kusraev and S. S. Kutateladze. Suldi er entials: Theory and
Applications. Kluwer Academic Publishers, 1995.

[41] S. Li and T. Basar. Distributed algorithms for the computation of
noncooperative equilibria. Automatica, 23:523{533,1987.

[42] J. L. Lions and G. Stampacdia. Variational inequalities. Comm. Pure
Appl. Math., 20:493{519,1967.

26



[43] D. Motreanu and P. D. Panagiotopoulos. Hysteresis: The Eigenvalue
Problem for Hemivariational Inequalities, in: Models of Hysteresis
Longman Sciertic Publ., Harlow, 1993.

[44] D. Motreanu and P. D. Panagiotopoulos. Minimax Theorems and
Qualitative Properties of the Solutions of Hemivariational Inequalities.
Kluwer Academic Publishers, 1999.

[45] Z. Naniewicz and P. D. Panagiotopoulos. Mathematical Theory of
Hemivariational Inequalities and Applications. Marcel Dekker, New
York, 1995.

[46] P. D. Panagiotopoulos. Noncorvex energy functions: hemivariational
inequalities and substationarity principles. Acta Mechanica, 42:160{
183, 1983.

[47] P. D. Panagiotopoulos. Inequality Problemsin Mechanics and Appli-
cations. Convexand Nonconvex Energy Functions. Birkhauser Verlag,
Basel, Boston, 1985.

[48] P. D. Panagiotopoulos. Noncornvex problems of semipermeablemedia
and related topics. Z. Angew. Math. Mech., 65:29{36, 1985.

[49] P. D. Panagiotopoulos. Hemivariational inequalities and their appli-
cations. In Topicsin Nonsmath Mechanics, Ed. J. J. Morerau, P. D.
Panagiotopulos and J. Strang. Birkhauser-Verlag, Boston, 1988.

[50] P. D. Panagiotopoulos. Semiccercive hemivariational inequalities. On
the delamination of composite plates. Quart. Appl. Math., 47:611{629,
1989.

[51] P. D. Panagiotopoulos. Hemivariational Inequalities. Applications in
Mechanics and Engineering. Springer-Verlag, Berlin, 1993.

[52] P. D. Panagiotopoulos, M. Fundo, and V. Radulescu. Existence the-
orems of Hartman-Stampaccdia type for hemivariational inequalities
and applications. Journal of Glokal Optimization, 15:41{54, 1999.

27



[53] V. Radulescuand P. D. Panagiotopoulos. Perturbations of hemivaria-
tional inequalities with constraints and applications. Journal of Glotal
Optimization, 12:285{297,1998.

[54] R. T. Rockafellar. Convex Analysis. Princeton University Press
Princeton, N.-J., 1970.

[55] R. E. Showalter. Monotone Operators in Banach Space and Nonlinear
Partial Dier ential Equations. American Mathematical Society, 1997.

[56] I. Singer. Abstract Convex Analysis. John Wiley and Sons,1997.

[57] S. Uryas'ev and R. Rubinstein. On relaxation algorithms in compu-
tation of noncooperative equilibria. IEEE Transactions on Automatic
Control, 39(6):1263{1267,1994.

[58] E. Zeidler. Nonlinear Functional Analysisand its Applications, volume
I, 1I/A, 11/B, 111, IV. Springer-Verlag, 1986-1990.

28



