The Gambler’s Ruin Problem


Consider a gambler A putting a bet of $1 at a casino for a game that has a payoff of $1 if he wins. Let 
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 be the probability of winning $1 on each play of the game. Of course the probability of losing the bet is 
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. Suppose that A starts with an initial fortune of i dollars and plays the game repeatedly until either reaches a desired goal of K dollars or go broke, whichever happens first.  

Analysis of the game

Let us denote by W the event that the gambler achieves his goal, 
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 the event that the gambler wins the first game he plays, and 
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 the event that he loses the bet at the first game he plays. We have:
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We assumed the gambler’s initial fortune is i dollars, so the probability of the event W depends on the initial wealth. Denote 
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, the equation (1) becomes:
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So we get a recurrence relation for computing the (conditional) probabilities of winning. Notice that 
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 (the gambler stops playing when he goes broke), and 
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 he will also stop playing when he achieves his goal. Let us rewrite (2) in the following way:
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Letting 
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 in (3) we obtain:
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If we add the first i-1 equations in the above we get:
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Now in (4) we have the sum of a geometric sequence, which for 
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 can be evaluated:
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If we add all the equations in, and put 
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, we obtain 
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So, if 
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. We can then obtain the expression for 
[image: image22.wmf]i

a

:


[image: image23.wmf]1

1

i

i

K

q

p

a

q

p

æö

-

ç÷

èø

=

æö

-

ç÷

èø

. (7)
If we analyze the result in (7) we see that the larger K gets, the smaller the probability of achieving the goal.
On the other hand, the probability also depends on the ratio 
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In particular, if 
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Example1. Let us consider a bet on black at roulette. 
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As you know, the roulette has 38 slots, 18 are black, 18 are red, and two (0 and 00) are green. Therefore, the probability or winning is 
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. If the player starts with an initial wealth 
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 and decides to stop when he either reaches 
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 or loses the initial amount of money, then
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 On a bet on green we obtain: 
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The Exchange Paradox
Nalebuff’s envelope paradox
Ali is being given at random one of two envelopes containing a sum of money, while Baba is given another. They have no idea how much money is in the envelope, but they know that one envelope contains twice the amount the other one does. Ali is asked whether he would like to switch envelopes?
Ali is initially indifferent to the proposal, but then, remembering what he learned in his probability course he reasons: 

If my envelope has $X in it, then the other one has either $2X or $X/2. each with probability 1/2. Then the expected amount of money he gets if he trades envelopes will be:
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so, apparently trading leads to a profit.

On the other hand, with a similar argument Baba reaches the conclusion that trade will benefit him as well. Is this possible?

Analysis of the paradox
Let us have a look at the possible amounts in the two envelopes:
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Define 
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. A reasonable assumption is 
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But then we run into a problem: how can we have equal probabilities on an infinite state space? 
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In trying to fix this problem define

[image: image42.wmf]11

1

(2,2)(2,2),01

nnnn

nn

pPkPkpk

+-

-

===<<

 (1) 
So we have a recurrence relation:
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Now, if we sum all the probabilities we get:
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Suppose now that Ali finds 
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 in his envelope. Baba’s envelope may contain either 
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. Let us compute some probabilities (they are conditional, given the amount of money in Ali’s envelope!)
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and similarly
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 (4) 
The the expected value of the amount in Ali’s envelope if he does the switch will be:
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Compared to his original amount of 
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, his expected gain is
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So if we look at Ali’s profiting from the switch we need to have 
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Why the paradox? We now see that what we computed is a conditional expectation, knowing the amount in Ali’s envelope.

What about Baba’s expectation if he switches? If we only refer to the states 
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 we get the following for Baba’s gain if switching:
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But not knowing what amount is in Ali’s envelope, Baba’s reasoning is based on different assumptions.

More precisely, if Ali finds 
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, he thinks of the other envelope containing either $2 or $8, so the states are (4,2), (4,8), and his expected gain will be 
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, whereas Baba, is he finds $8 thinks the other envelope may contain either $4 or $16. Therefore the states are (4,8), (16,8), and his expected gain will be 
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From (5) and (6) it looks like Ali’s expected gain is always positive. Does it matter that he opens the envelope and sees the amount in it?
What happens is the amount in the envelope is unknown to Ali? Then we will not have a conditional expectation any more and the expected value of the gain through switching will have to be computed by looking at all the states of the space. Let’s see what we obtain:
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In (7) we get and infinite alternating series. Can we just cancel the similar terms and say that 
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With 
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, so the series diverges.

Playing with fire: using associativity in infinite divergent series, or what you should not do in Calculus 2 and definitely not in Real Analysis!

So, if we cancel out the similar terms in (7) we get that 
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On the other hand we can group them as follows:
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