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1.3 Continuity

Before Calculus became clearly de�ned, continuity meant that one could draw
the graph of a function without having to lift the pen and pencil. While this is
fairly accurate and explicit, it is not precise enough if one wants to prove results
about continuous functions. A much more precise de�nition is needed. This is
the topic of this section.

Figure 1.17: At which points is f not continuous?

1.3.1 Theory:

De�nition 62 (Continuity) A function f is said to be continuous at x = a
if the three conditions below are satis�ed:

1. a is in the domain of f (i.e. f (a) exists )

2. lim
x!a

f (x) exists

3. lim
x!a

f (x) = f (a)

De�nition 63 (Continuity from the left) A function f is said to be con-
tinuous from the left at x = a if the three conditions below are satis�ed:

1. a is in the domain of f (i.e. f (a) exists )

2. lim
x!a�

f (x) exists
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3. lim
x!a�

f (x) = f (a)

De�nition 64 (Continuity from the right) A function f is said to be con-
tinuous from the right at x = a if the three conditions below are satis�ed:

1. a is in the domain of f (i.e. f (a) exists )

2. lim
x!a+

f (x) exists

3. lim
x!a+

f (x) = f (a)

Remark 65 To be continuous from the left or the right at x = a, a function
has to be de�ned there.

De�nition 66 (Continuity on an interval) A function f is said to be con-
tinuous on an interval I if f is continuous at every point of the interval.

If a function is not continuous at a point x = a, we say that f is discontinuous
at x = a. When looking at the graph of a function, one can tell if the function
is continuous because the graph will have no breaks or holes. One should be
able to draw such a graph without lifting the pen from the paper. Looking at
the graph on �gure 1.17, one can see that f is not continuous at x = �3 (not
de�ned), x = 0 (break), x = 2 and x = 6. It is continuous from the right at
x = 0.

Example 67 Looking at �gure 1.17, we can see the following:

1. f is discontinuous at �3 because it is not de�ned there. Since it is not
de�ned at �3, f cannot be continuous from either the left or the right.

2. f is discontinuous at 0 because the limit does not exists at 0. However, it
is continuous from the right because f (0) = 3 and lim

x7�!3+
= 3.

3. f is discontinuous at x = 2 because f (2) = �1 but lim
x7�!2

f (x) = 1.

4. f is discontinuous at x = 6 because it is not de�ned there.

5. f is c0ntinuous on the interval (�1; 0) [ (0; 2) [ (2; 6) [ (6;1).

We now look at theorems which will help decide where a function is continu-
ous. Given a function, to study its continuity, one has to understand its pattern.
If the function is one of the speci�c functions studied, then one simply uses our
knowledge of that speci�c function. However, if the function is a combination of
speci�c functions, then not only the continuity of each speci�c function has to
be studied, we also need to see if the way the functions are combined preserves
continuity. The �rst theorem gives us the continuity of the speci�c functions we
are likely to encounter in di¤erential calculus.
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Theorem 68 The following is true, regarding continuity of some speci�c func-
tions:

1. Any polynomial function is continuous everywhere, that is on (�1;1) :

2. Any rational function is continuous everywhere it is de�ned.

3. If n is a positive even integer, then n
p
x is continuous on [0;1) :

4. If n is a positive odd integer, then n
p
x is continuous on (�1;1) :

5. The trigonometric functions and their inversesare continuous wherever
they are de�ned.

6. The natural logarithm functions and the exponential functions are contin-
uous wherever they are de�ned.

The next theorems are related to continuity of the various operations on
functions.

Theorem 69 Assume f and g are continuous at a and c is a constant. Then,
the following functions are also continuous at a:

1. f + g

2. f � g

3. cf

4. fg

5.
f

g
if g(a) 6= 0

In general, functions are continuous almost everywhere. The only places to
watch are places where the function will not be de�ned, or places where the
de�nition of the function changes (breaking points for a piecewise function).
Thus, we should watch for the following:

� Fractions: watch for points where the denominator is 0. Be careful that
functions which might not appear to be a fraction may be a fraction. For

example, tanx =
sinx

cosx
.

� Piecewise functions: When studying continuity of piecewise functions,
one should �rst study the continuity of each piece by using the theorems
above. Then, one must also check the continuity at each of the breaking
points.

� Functions containing absolute values: Since an absolute value can
be written as a piecewise function, they should be treated like a piecewise
function.
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1.3.2 Examples

We look at several examples to illustrate the de�nition of continuity as well as
the various theorems stated. Questions regarding continuity usually fall in two
categories. They are:

� Determine if a function is continuous at a given speci�c point.

� Determine if a function is continuous on a given interval. A variation of
this question is to determine the set (that is all the values of x) on which
a function is continuous.

Whenever possible, try to use the theorems. But in situations where the
theorems do not apply, you must use the de�nition of continuity.

1. Is f (x) =
x2 + 5

x� 1 continuous at x = 2?

f is a rational function, so it is continuous where it is de�ned. Since it is
de�ned at x = 2, it is continuous there.

2. Is f (x) =
x2 + 5

x� 1 continuous at x = 1?

f is not de�ned at x = 1, hence it is not continuous at 1.

3. Find where f (x) =
x2 + 5

x� 1 is continuous.

f is a rational function, so it is continuous where it is defnined that is
when x 6= 1. We can write the answer in di¤erent ways:

� English sentence: f is continuous for all real numbers except x = 1.
� Set notation: f is continuous on Rnf1g. This means the same thing.
� Interval notation: f is continuous on (�1; 1) [ (1;1).

4. Let f (x) =
�
x+ 1 if x � 2
x� 2 if x < 2

. Is f continuous at x = 2, x = 3?

� Continuity at x = 2
Since f is a piecewise function and 2 is a breaking point, we need to
investigate the continuity there. We check the three conditions which
make a function continuous. First, f is de�ned at 2. Next, we see
that lim

x!2�
f (x) = 0 and lim

x!2+
f (x) = 3. Thus, lim

x!2
f (x) does not

exist. f is not continuous at 2.

� Continuity at 3.
When x is close to 3, f (x) = x + 1, which is a polynomial, hence it
is continuous.
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5. Find where ln (x� 5) is continuous.
The natural logarithm function is continuous where it is de�ned. ln (x� 5)
is de�ned when

x� 5 > 0
x > 5

So, ln (x� 5) is continuous on (5;1).

6. Find where f (x) =
x� 1
x+ 2

is continuous.

Since f is a rational function, it is continuous where it is de�ned that is
for all reals except x = �2.

7. Find where f (x) =
�
x+ 1 if x > 2
x� 2 if x < 2

is continuous.

To study continuity of a piecewise function, one has to study continuity
of each branch as well as continuity at the breaking point. When x > 2,
f (x) = x+1 is a polynomial, so it is continuous. When x < 2, f (x) = x�2
is also a polynomial, so it is continuous. At x = 2, f is not de�ned, so it
is not continuous. Thus, f is continuous everywhere, except at 2.

8. Find where f (x) =
sinx

lnx
is continuous.

Since f is a fraction, it will be continuous at points where:

� its numerator is continuous.
� its denominator is continuous.
� denominator is not 0
So, we check each condition.

� sinx is continuous where it is de�ned that is on (�1;1)
� lnx is continuous where it is de�ned that is on (0;1)
� lnx = 0 when x = 1
� In conclusion, f is continuous on (0; 1) [ (1;1)

9. Find where f (x) = ln (5� x) +
p
x is continuous.

f is the sum of two function. f will be continuous where both functions
are continuous.

�
p
x is continuous on [0;1)

� ln (5� x) is continuous where it is de�ned that is when 5� x > 0 or
5 > x or x < 5, that is on (�1; 5)

� In conclusion, f is continuous on [0; 5)
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1.3.3 Continuity and Limits

From the de�nition of continuity, we see that if a function is continuous at a
point, then to �nd the limit at that point, we simply plug in the point. Indeed,
if f is continuous at a then lim

x!a
f (x) = f (a). We can use this knowledge to

�nd the limit of functions for which we do not have rules yet. This includes the
trigonometric functions, the exponential functions, the logarithm functions. We
illustrate this idea with some examples.

Example 70 Find lim
x!0

ex.

Since ex is continuous for every real number it is continuous at 0, therefore

lim
x!0

ex = e0

= 1

Example 71 Find lim

x!
�

6

sinx

Since sinx is always continuous, it is continuous at
�

6
, therefore

lim

x!
�

6

sinx = sin
�

6

=
1

2

1.3.4 Intermediate Value Theorem

We �nish this section with one of the important properties of continuous func-
tions: the intermediate value theorem.

Theorem 72 Suppose f is continuous in the closed interval [a; b] and let N be
a number strictly between f(a) and f(b). Then, there exists a number c in (a; b)
such that f(c) = N .

The theorem does not tell us how many solutions exist. There might be
more than one. It does not tell us either how to �nd the solutions when they
exist. Though, we will see in the examples that using the theorem, we can �nd
these solutions with as much accuracy as needed.
Figure 1.18 illustratres this theorem with N = 60.
This theorem is often used to show an equation has a solution in an interval.

Example 73 Show that the equation x2 � 3 = 0 has a solution between 1 and
2.
Let f (x) = x2�3. Clearly, f is continuous since it is a polynomial. f (1) = �2,
f (2) = 1. So, 0 is between f (1) and f (2). By the intermediate value theorem,
there exists a number c between 1 and 2 such that f (c) = 0.
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Figure 1.18: f (c) = 60

1.3.5 Sample problems:

1. Do # 3, 5, 11, 13, 15, 17, 25, 29 on pages 126, 127.

2. Is f (x) =

8<: x if x < 0
x2 if 0 < x � 2
8� x if x > 2

continuous at 0, 1, 2. Explain.

(answer: not continuous at 0 and 2, continuous at 1)

3. Find where f(x) =
2x+ 1

x2 + x� 6 is continuous. (answer: Continuous for
all reals except at x = 2 and x = �3)

4. Find where ln (2� x) is continuous. (answer: continuous on (�1; 2))

5. Use the intermediate value theorem to show that x5� 2x4�x� 3 = 0 has
a solution in (2; 3).

6. Use the intermediate value theorem to show that there is a number c such
that c2 = 3: This proves the existence of

p
3.




