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3.2 Open and Closed Sets

3.2.1 Main Definitions

Here, we are trying to capture the notion which explains the difference between
(a, b) and [a, b] and generalize the notion of closed and open intervals to any
sets.
The notions of open and closed sets are related. One is defined precisely, the

other one is defined in terms of the first one. In these notes, we define precisely
what being open means. We then define closed in terms of being open. Some
texts do the reverse. They define being closed precisely, then being open in
terms of being closed.

Definition 239 (Open and Closed Sets) Let S ⊆ R.

1. S is said to be open if every point of S is an interior point of S.

2. S is said to be closed if and only if R \ S is open.

Example 240 In the previous section, we saw that Int ((a, b)) = (a, b). Thus
(a, b) is open according to our definition. It is why we call it an open interval.

Proposition 241 The following should be obvious from the definition:

1. S is open if for any x ∈ S, there exists δ > 0 such that (x− δ, x+ δ) ⊆ S.

2. S is open if for any x ∈ S, there exists a < b such that x ∈ (a, b) ⊆ S.

3. S is open if for any x ∈ S, there exists a neighborhood of x included in S.

4. Int (S) is open.

Proof. We only prove part 4 and leave the rest as exercises.

Part 4: We want to show that every point of Int (S) is an interior point of
Int (S) that is if x ∈ Int (S) then there exists δ > 0 such that (x− δ, x+ δ) ⊆
Int (S). Since x ∈ Int (S), there exists δ > 0 such that (x− δ, x+ δ) ⊆ S.
To show (x− δ, x+ δ) ⊆ Int (S) we need to show that every point of
(x− δ, x+ δ) is an interior point of S. Let y ∈ (x− δ, x+ δ). Let ε =
min (|y − x+ δ| , |x+ δ − y|)

2
then (y − ε, y + ε) ⊆ (x− δ, x+ δ) ⊆ S. So,

y is an interior point of S. Since y was arbitrary, (x− δ, x+ δ) ⊆ Int (S).

Remark 242 It may appear that a set is either open or closed. Nothing could
be further from the truth. In fact, the majority of subsets of R are neither open
nor closed.
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Remark 243 It should be clear to the reader that S is open if and only if R\S
is closed. Clearly, if R \ S is closed, then by definition R \ (R \ S) is open. But
R \ (R \ S) = S. Conversely, if S is open, then R \ S must be closed because if
it were not then R \ (R \ S) = S would not be open by definition. This would be
a contradiction.

Having defined open and closed sets, it is natural to ask what open and
closed sets look like. It is also natural to ask what kind of sets are open, closed.
We will try to answer these questions in this section. We begin with some
examples.

Example 244 R is open. We noticed above that Int (R) = R.

Example 245 ∅ is open. For a set not to be open, at least one of its points
must fail to be an interior point. Therefore, the set must not be empty.

Example 246 R is closed. This is true since R \ R = ∅ is open.

Example 247 ∅ is closed since R \∅ = R is open.

Example 248 Let a and b be any two real numbers such that a < b. Then,
(a, b) is open. This says that every open interval is open. We know this from a
previous example in which we noticed that every point of (a, b) was an interior
point of (a, b). In the same way, intervals of the form (−∞, a) or (a,∞) are
also open.

Example 249 Let a and b be any two real numbers such that a < b. Consider
[a, b). This set is not open because a is not an interior point. Its complement is
R \ [a, b) = (−∞, a) ∪ [b,∞). This set is not open either as b is not an interior
point.. Thus [a, b) is not closed either. In conclusion [a, b) is neither open nor
closed. The same is true for (a, b].

Example 250 [a, b] is closed. Its complement is R \ [a, b] = (−∞, a) ∪ (a,∞).
This set is open. It can be proven directly. It is also a consequence of theorem
253.

Example 251 Q is neither open nor closed. Earlier, we saw that none of
the points in Q were interior points thus Q is not open. We also saw that its
complement R \Q shared the same property, so it is not open. Hence, Q is not
closed.

Example 252 R \Q is neither open nor closed for the same reason.

In the examples, we noted that R and ∅ were both closed and open. You
may wonder how many sets share this property. It can be proven that these are
the only sets with this property.
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3.2.2 Properties

Theorem 253 (Unions and intersections of open and closed sets) Let {Ui}
denote an infinite family of open sets and {Hi} denote an infinite family of closed
sets.

1.
∞⋃
i=1

Ui is open.

2.
n⋂
i=1

Ui is open.

3.
n⋃
i=1

Hi is closed.

4.
∞⋂
i=1

Hi is closed.

Proof. We prove some of the parts to illustrate how to work with these concepts.
The other parts are left as exercises.

1. We need to prove that if x ∈
∞⋃
i=1

Ui then x is an interior point of
∞⋃
i=1

Ui

that is there exists δ > 0 such that (x− δ, x+ δ) ⊆
∞⋃
i=1

Ui. If x ∈
∞⋃
i=1

Ui

then x ∈ Ui for some i. Since Ui is open, x is an interior point of Ui so
there exists δi > 0 such that (x− δi, x+ δi) ⊆ Ui. Then, (x− δi, x+ δi) ⊆
∞⋃
i=1

Ui.

2. See problems. As you do the proof, make sure you understand why the

proof you do would not work for
∞⋂
i=1

Ui

3. To prove
n⋃
i=1

Hi is closed, we prove R \
n⋃
i=1

Hi is open. By De Morgan’s

laws, R \
n⋃
i=1

Hi =

n⋂
i=1

(R \Hi). Since Hi is closed for every i, R \ Hi is

open. Thus,
n⋂
i=1

(R \Hi) is open by part 2 of this theorem.

4. See problems.
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You will recall that the completeness axiom stated that every non-empty
subset of R which was bounded above had a supremum in R. If we add the
restriction that the set also be closed, we get a much stronger result as the
theorem below shows.

Theorem 254 (Existence of a largest member) Every non-empty closed set
bounded above must have a largest member. Similarly, every non-empty closed
set bounded below must have a smallest member.
Proof. We prove the largest member part. Let H be a non-empty closed set
bounded above. To prove that H has a largest member, we prove that supH ∈ H.
From the hypothesis, we know that supH exists (why?). Let α = supH. We
do a proof by contradiction. Suppose α /∈ H. Then, α ∈ R \ H which is open
since H is closed. Thus, we can choose δ > 0 such that (α− δ, α+ δ) ⊆ R \H.
Since no element of H can be greater than α and (α− δ, α+ δ) /∈ H it follows
that α− δ is an upper bound of H. This is a contradiction since α− δ < α and
α = supH.

3.2.3 Closure of a Set

Definition 255 (Closure) Let S ⊆ R and x ∈ R.

1. x is said to be close to S if ∀δ > 0, (x− δ, x+ δ) ∩ S 6= ∅.

2. The closure of S, denoted S is defined by

S = {x ∈ R : x is close to S}

Remark 256 Obviously, condition 1 of the definition is satisfied for every point
of a set. Thus implying that every point of a set is close to the set and therefore

S ⊆ S

for every set S.

Example 257 The closure of (a, b) is [a, b] in other words (a, b) = [a, b]. From
the remark above, (a, b) ⊆ (a, b). Also, ∀δ > 0, (a− δ, a+ δ)∩(a, b) 6= ∅. Thus,
a ∈ (a, b). Similarly, one can show that b ∈ (a, b). This shows that [a, b] ⊆ (a, b).
Can (a, b) contain anything else? We prove that if x > b or x < a then x /∈ (a, b)
thus proving that (a, b) = [a, b]. We prove it in the case x > b. The case x < a

is similar. Let δ =
|x− b|

2
. Then (x− δ, x+ δ) ∩ (a, b) = ∅. Hence, x is not

close to (a, b), so x is not in the closure of (a, b).

Example 258 Q = R. Let x ∈ R. For any δ > 0, (x− δ, x+ δ) must contain
some rational number thus (x− δ, x+ δ) ∩Q 6= ∅.

Example 259 R \Q = R. The same argument as above works here.

Example 260 ∅ = ∅.



92 CHAPTER 3. TOPOLOGY OF THE REAL LINE

Theorem 261 (Important facts about closure) Let A, B and S be sets of
real numbers.

1. S ⊆ S

2. A ⊆ B =⇒ A ⊆ B

3. S is always closed.

Proof. We prove each part separately.

1. If x ∈ S then clearly for any δ > 0, (x− δ, x+ δ)∩S contains at least {x}
and is therefore not empty. So, x ∈ S.

2. We must prove that assuming A ⊆ B, if x ∈ Ā then x ∈ B̄ that is x is
close to B in other words, ∀δ > 0, (x− δ, x+ δ) ∩ B 6= ∅. Let x ∈ Ā.
Then, (x− δ, x+ δ) ∩ B contains (x− δ, x+ δ) ∩ A since A ⊆ B. But
since x ∈ Ā, (x− δ, x+ δ) ∩A 6= ∅. Therefore, (x− δ, x+ δ) ∩B 6= ∅.

3. We prove that S is closed by proving that R\S is open. Before we proceed
with the proof, it is important to understand what these sets represent. S
is the set of elements close to S, thus R \ S is the set of elements not
close to S. We show R \ S is open by showing that every element of
R \ S is an interior point of R \ S. In other words, if x ∈ R \ S, then
∃δ > 0 : (x− δ, x+ δ) ⊆ R \ S. If x ∈ R \ S then x is not close to
S, therefore we can pick δ > 0 such that (x− δ, x+ δ) ∩ S = ∅. We
wish to show that (x− δ, x+ δ) ⊆ R \ S. If y ∈ (x− δ, x+ δ) then y
cannot be close to S thus y ∈ R \ S. Since y was an arbitrary element of
(x− δ, x+ δ), it follows that (x− δ, x+ δ) ⊆ R \ S.

Theorem 262 Let S ⊆ R. The following are equivalent:

1. S is closed.

2. S = S

Proof. See problems.

3.2.4 Techniques to Remember

• To prove that a set is open, one can use one of the following:

—Use the definition, that is prove that every point in the set is an
interior point.

—Prove that its complement is closed.

—Prove that it can be written as the intersection of a finite family of
open sets or as the union of a family of open sets.
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• To prove that a set is not open, one can use one of the following:

—Find one of its point which is not an interior point.

—Prove that its complement is not closed.

• To prove that a set is closed, one can use one of the following:

—Prove that its complement is open.

—Prove that it can be written as the union of a finite family of closed
sets or as the intersection of a family of closed sets.

—Prove that it is equal to its closure.

• To prove that a set is not closed, one can use one of the following:

—Prove that its complement is not open.

—Prove that it is not equal to its closure.

3.2.5 Important Facts to Know and Remember

1. Definitions and theorems in this section.

2. Being closed is not the opposite of being open. In other words, a set is
not either open or closed. It can be neither.

3. Only R and ∅ are both open and closed.

4. Any set containing a finite number of elements is closed.

5. A ∪B = Ā ∪ B̄

6. A ∩B ⊆ Ā ∩ B̄

7. Let S be a non-empty bounded set. Is supS ∈ S?

8. Given a set S, Int (S) is open, S is closed and Int (S) ⊆ S ⊆ S.

3.2.6 Exercises

1. Justify the statements in proposition 241.

2. Prove that S is open ⇐⇒ Int (S) = S.

3. Prove that (−∞, a] and [a,∞) are closed subsets of R.

4. Finish proving theorem 253.

5. Prove the second half of theorem 254.

6. Prove theorem 262.
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7. Let U be an open set and H be a closed set.

(a) Prove that U \H is open.

(b) Prove that H \ U is closed.

8. Give an example of an infinite family of open sets whose intersection fails
to be open.

9. Give an example of an infinite family of closed sets whose union fails to
be closed.

10. Give an example of two sets A and B such that neither set is open but
their union is.

11. Let x ∈ R.

(a) Prove that {x} is closed.
(b) Using part a, prove that every finite set must be closed.

12. Let A and B be non-empty open subsets of R such that A ∩B 6= ∅. Can
A ∩B be finite? Explain.

13. Let S = [0, 1) ∪ (1, 2).

(a) Let U = Int (S). What is U?

(b) What is U?

(c) Give an example of a set S of real numbers such that if U = Int (S),
then U 6= S?

14. Let S =

{
1

n
: n ∈ Z+

}
. Evaluate S.

15. Let A and B be subsets of R.

(a) If A ⊆ B and A is open, prove that A ⊆ Int (B).

(b) If A ⊆ B and B is closed, prove that A ⊆ B.

16. Let A and B be subsets of R.

(a) Prove that A ∪B = Ā ∪ B̄.
(b) Prove that A ∩B ⊆ Ā ∩ B̄.
(c) Give an example which shows why we do not have equality in part

b.

17. Prove that if S ⊆ R then R \ S = Int (R \ S).

18. Make a conjecture regarding whether supS ∈ S and prove your conjecture.


