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1 Linear Functions

A linear function is a function of the form

f = {(x, y) | y = mx+ b}

where m and b are constants. Stated in another way, a linear function is a
function of the form

f (x) = mx+ b

were m and b are constants.
Any linear function has domain (−∞,∞) (although we always have the

option of restricting the domain to some proper subset of (−∞,∞) if we
wish). The graph of a linear function is a line (which is why we use the name
“linear” function).

1.1 Examples of Linear Functions

The following are examples of linear functions. The second and third of these
examples have domains that are proper subsets of (−∞,∞).

f (x) = 3x− 1

g (t) = −6t+ 3
5
, t ∈ [−4, 4]

k (u) = 8, u ∈ (−∞, 10]
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p (y) = 7y

f (x) = 0

Exercise 1 (to be done in class)

1. What are the numbers m and b for each of the five linear functions
listed above?

2. What is the domain and what is the range of each of the five linear
functions listed above?

1.2 What do the numbers m and b tell us about the
linear function f (x) = mx+ b?

The name “linear” is given to linear functions because the graphs of linear
functions are lines. The numbers m and b which appear in the formula for a
linear function determine the slope and position of the line in the Cartesian
plane. In particular, the number m tells us the slope of the line and the
number b tells us the vertical intercept of the line.
To see what is meant by the term “slope”, suppose that we have the linear

function
f (x) = mx+ b

and suppose that x1 and x2 are two different real numbers with f (x1) = y1
and f (x2) = y2. Then

mx1 + b = y1

and
mx2 + b = y2.

By subtracting the first of the above equations from the second, we obtain

y2 − y1 = (mx2 + b)− (mx1 + b)
= mx2 + b−mx1 − b
= mx2 −mx1
= m (x2 − x1) .
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Thus
y2 − y1 = m (x2 − x1) ,

which gives us

m =
y2 − y1
x2 − x1 .

Since the above reasoning works no matter which two numbers x1 and x2
(with corresponding y1 and y2) are used, we see that the slope, m, can be
described as follows

slope = m =
change in y

change in x
=

change in dependent variable

change in independent variable
.

Example 2 Consider the linear function

f (x) = 3x− 1.
The slope of this function is 3. Let us illustrate the (change in y)/(change in
x) interpretation of the slope described above. At random, we choose x1 = −3
and x2 = 14.2. Using the formula for f , we compute

f (x1) = f (−3) = −10 = y1
and

f (x2) = f (14.2) = 41.6 = y2.

From this, we obtain

y2 − y1
x2 − x1 =

41.6− (−10)
14.2− (−3) =

51.6

17.2
= 3 = m.

Exercise 3 Illustrate the (change in dependent variable)/(change in inde-
pendent variable) interpretation of the slope of each of the following linear
functions by choosing two random numbers from their domains.

g (t) = −6t+ 3
5
, t ∈ [−4, 4]

k (u) = 8, u ∈ (−∞, 10]
p (y) = 7y

f (x) = 0.
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The number b in the formula

f (x) = mx+ b

tells us the vertical intercept of the graph of f . To see this, note that f (0) = b
which means that the point (0, b) is on the graph of f .

Example 4 The vertical intercept of the linear function

f (x) = 3x− 1

is (0,−1).

Exercise 5 Find the vertical intercept of each of the linear functions:

g (t) = −6t+ 3
5
, t ∈ [−4, 4]

k (u) = 8, u ∈ (−∞, 10]
p (y) = 7y

f (x) = 0.

Note: The concept of “vertical intercept” applies to any function whose
domain contains the number 0 (not just to linear functions). If f is a function
with 0 ∈ domain (f), then the vertical intercept of f is the ordered pair of
f that corresponds to x = 0. For example, the non—linear function f (x) =
−4x2 + 5x− 2 has vertical intercept (0,−2) because f (0) = −2.

1.3 Graphs of Linear Functions

The graph of the linear function f (x) = mx + b is a line with slope m and
vertical intercept (0, b). (If the domain of f is restricted to some proper
subset of (−∞,∞), then the graph of f is not an entire line, but lies along a
line. Also, if the number 0 is not in the domain of f , then the graph of f has
does not have a vertical intercept.) The graphs of several linear functions
(the second and third of which have restricted domains) are shown below.
On each graph, the arrows indicate that the graph keeps going “forever” in
the direction of the arrows. (We often omit drawing such arrows.)
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Graph of f (x) = 3x− 1

Graph of g (t) = −6t+ 3
5
, t ∈ [−4, 4]

Graph of k (u) = 8, u ∈ (−∞, 10]
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Graph of p (y) = 7y

Graph of f (x) = 0

Observe that lines with positive slope go uphill from left to right, lines with
negative slope go downhill from left to right, and lines with zero slope are
horizontal. If we have two lines, one with slope m1 and the other with slope
m2 and |m1| > |m2|, then the line with slope m1 is steeper than the line with
slope m2. For example, the line y = 8x is steeper than the line y = 2x − 3
because 8 > 2. These two lines are pictured together below.
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1.4 How to Find an Equation for a Line When Two
Points on the Line are Known

Suppose that we are given two points, (x1, y1) and (x2, y2), and we are asked
to find an equation for the line on which these two points lie. We can do this
as follows: First, we compute the slope of the line

m =
y2 − y1
x2 − x1 .

Then, we note that if (x, y) is any point on this line, it must be true that

m =
y − y1
x− x1 .

Since x1, y1, and m are known, we now have an equation of the line:

y − y1 = m (x− x1) .
This form of an equation of a line is called a point—slope form equation of
the line.
The slope—intercept form equation of the line,

y = mx+ b,

can be determined easily once a point—slope form has been determined.

Example 6 Let us find a point—slope form equation and the slope—intercept
form equation for the line that contains the two points (3, 9) and (−4,−8).
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First, we find the slope:

m =
y2 − y1
x2 − x1 =

−8− 9
−4− 3 =

17

7
.

A point—slope form equation for the line containing the two given points is
thus

y − 9 = 17

7
(x− 3) .

To find the slope—intercept form equation of this line, we solve the above
equation for y:

y − 9 = 17

7
x− 51

7

y =
17

7
x− 51

7
+
63

7

y =
17

7
x+

12

7
.

The graph of this line is shown below.

Graph of y = 17
7
x+ 12
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Exercise 7 Find a point—slope form equation and the slope—intercept form
equation for the lines that contain the two given points. Draw the graphs of
these lines as accurately as possible on graph paper.

1. (4, 11) and (5, 12)

2. (−3,−2) and (0,−2)
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3. (−2, 6) and (4,−6)
4. (−3, 12) and (2,−8)
5. (−4,−4) and (5.5, 0)

2 The Horizontal Intercept of a Line

The horizontal intercept of a line (if any) is the point on the line that cor-
responds to y = 0. To find the horizontal intercept of a line, we set y = 0
and solve for x. For example, we find the horizontal intercept of the line
y = 3x− 1 by setting y = 0 and then solving the equation

3x− 1 = 0.
Since the solution of this equation is x = 1/3, we conclude that the line
y = 3x− 1 has horizontal intercept (1/3, 0).

2.1 An Application of Linear Functions: The Fahren-
heit and Celsius Temperature Scales

Linear functions show up in many real applications. One such application is
the conversion between the Fahrenheit and Celsius temperature scales.

Exercise 8 In the United States, we usually use the Fahrenheit scale to mea-
sure temperature. In many other countries such as Canada, the Celsius scale
is used to measure temperature. Given that the relation between Fahrenheit
temperature and Celsius temperature is a linear function and also given that:

• The temperature at which water freezes is 32◦F which is the same as
0◦C.

• The temperature at which water boils is 212◦F which is the same as
100◦C.

1. Find the linear function which is used to convert Fahrenheit temperature
to Celsius temperature. Write a formula for this function and complete
the following table.

Fahrenheit temp. -20 -10 0 10 20 30 40 50 60 70
Celsius temp.
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2. Which temperature is colder: 15◦F or 15◦C? Which temperature is
colder: -60◦F or -60◦C?

3. Each day on her way to work, Virginia drives past a bank which has
an electronic sign which alternately flashes the Fahrenheit temperature
and the Celsius temperature. One day on her way to work, she glances
up at the sign to see that the Fahrenheit temperature is 42◦. She also
observes the Celsius temperature. On her way home from work that
same day, she notices that the Celsius temperature is 10◦ warmer than
the Celsius temperature which she observed on the way to work. She
does not observe the Fahrenheit temperature though. If she had observed
the Fahrenheit temperature, what would it have been?
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