
CurvatureCurvature

Outline of Hass, Weir, Thomas –
Section 10.4



Unit Tangent VectorUnit Tangent Vector

If rt is a smooth curve, then the tangent vector to the curve
(as a function of t) is vt  dr/dt and the unit tangent vector
is

Tt 1 vtTt  1
|vt| vt.



DefinitionDefinition

The curvature of a curve, rt, as a function of t is defined
to be

t  1
|vt|

dT
dt .|vt| dt

If s denotes arc length then

t  1
|vt| |vt|t 

dt
ds

dT
dt  dT

ds

If s denotes arc length, then

|vt| ds dt ds

and thus the curvative is the magnitude of the rate of change
of the unit tangent vector with respect to arc length.of the unit tangent vector with respect to arc length.



ExamplesExamples
1) Show that a circle of radius a has curvature 1/a.

2) Find the curvature function for the parabola y  x2.

3) Let a and b be positive constants.
Show that the helix,

x  acost 
y  a sint
z  bt

has a constant curvature of a/a2  b2 .



Principal Unit Normal VectorPrincipal Unit Normal Vector
At a point on a curve, rt, where t  0, the principal
unit normal vector is defined to beunit normal vector is defined to be

Nt  1
|dT/dt|

dT
dt .  |dT/dt| dt

Note that Nt is a unit vector that is orthogonal Tt and
that points in the direction in which Tt turns as the curvethat points in the direction in which Tt turns as the curve
bends.



ExamplesExamples
1) Find Tt and Nt for the circle

x  acost
y  a sint.

2) Find Tt and Nt for the helix
x  acost
y  a sint
z  bt.

3) Find Tt and Nt for the parabola
x  t
y  t2.



Circle of CurvatureCircle of Curvature
The circle of curvature (or osculating circle) at a point, P,
on a planar curve where   0 is the circle in the planeon a planar curve where   0, is the circle in the plane
(in which the curve lies) that is

1) tangent to the curve at P) g
2) has the same curvatuve as the curve does at P
3) lies toward the concave (or inner) side of the curve
tat P.

The radius of curvatuve of the curve at P is the radius of
the circle of curvature The center or curvature is the centerthe circle of curvature. The center or curvature is the center
of the circle of curvature.



ExamplesExamples

1) Find and graph the osculating circle of the parabola y  x2) g p g p y
at the origin.

2) Find and graph the osculating circle of the ellipse

x 4costx  4cost
y  9sint

at the point 2 2 ,9 2 /2 .


